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1 Introduction

Great progress has been achieved in the past few years in precision studies of N' = 4
supersymmetric Yang-Mills (SYM) theory and of the dual string theory on AdSs x S° [1-
3]. The problem of finding the exact anomalous scaling dimensions of local operators has
been recast into that of diagonalizing a long-range spin chain model, which — assuming
integrability — can be solved for asymptotically long operators by the Bethe ansatz [4-8].!
The most obvious remaining problem is the understanding of wrapping interactions, which
affect short operators at lower loop orders [10, 11].

Beyond that, one would want to go over and obtain all loop results for three-point cor-
relation functions and more generally n-point correlators of local gauge invariant operators.
In the case of three-point correlators, they are well understood when all three operators

!For reviews see [9].



are chiral primaries (1/2 BPS operators) still from the early days of the AdS/CFT corre-
spondence [12]. These three-point functions are protected from radiative corrections and
are given precisely by the free field theory approximation. The case of four-point functions
is much more complicated, as they are subject to quantum corrections [13-20], while very
little is known about higher-point functions.

The lack of quantum corrections to the two-point and three-point functions of chiral
primary operators can be attributed to the fact that all the operators in the correlation
function share a number of common supersymmetries. A single operator is annihilated
by 24 supercharges: When the operator is located the origin, 2# = 0, these are all of the
superconformal generators (denoted as S) and half of the Poincaré supercharges (denoted
as Q). At other space-time positions these are 24 other combinations of these supercharges.
The most general combination of three operators of this type at arbitrary space-time posi-
tions will still preserve eight supercharges,? since each breaks only eight. Four operators,
on the other hand, will generically not share any supersymmetries, which is exactly when
radiative corrections start to occur.

The object of this paper is to find families of operators which share more supercharges
than generic 1/2 BPS operators. One may hope that the correlator of four or more such
operators, who share a number of supercharges, will be simpler than that of n-point cor-
rellators of generic 1/2 BPS operators. This is indeed true in the two examples of families
of operators we present.

A trivial example is the case of operators all preserving the same super-Poincaré gener-
ators. If we consider one of the complex scalar fields of the N = 4 supersymmetry multiplet
7 = ®° 4 i®% and build operators out of it, then

<TrZJ1(:c1) Tr Z%2(z) -+ Tr ZJ”(xn)> =0. (1.1)

This is obvious since they all carry positive charge under a U(1) subgroup of the R-
symmetry group. But a similar statement is almost true also if there was only NV = 1
supersymmetry and no R-charge. In that case chiral primary operators form a ring and
do not interact with each other. Their classical n-point function vanishes and they only
receive divergent quantum corrections due to instantons. Our examples will share many
features with these chiral rings.

In the other examples we present in this paper, the choice of operator is dependent
on its spatial position. At different locations the operators will be made of different linear
combinations of the scalar fields.

The way we realize this is by taking local operators of the form

Tr [us(z) @I(x)]‘], (1.2)

with ur(z) complex six-vectors. These operators are 1/2 BPS if us(z)ur(z) = 0 and
furthermore, suitable choices of the u!(z) gives operators that share some conserved su-
percharges irrespective of the position z* in some submanifold of space. In the following

2Note that they may break all the Q’s and preserve only S’s, which is not considered a supersymmetric
configuration, but by our counting it would be.



two sections we give two examples of such constructions. The first example in section 2
allows the operators to be at arbitrary points z* € R* and they involve all six real scalars
of ' =4 SYM. The second example turns on only three of the scalars and the operators
are restricted to z# € R? in space-time.

We study the operators in a variety of ways. After presenting each example we show
the supercharges that are preserved by the relevant operators. We then study how the
symmetry generators of PSU(2,2|4) act on the operators. In both cases there are linear
combinations of symmetry generators whose action on the operators is particularly simple,
these generators arise naturally in topologically twisted versions of A/ = 4 SYM. In the
examples we consider the topological twisting involves conformal generators and not merely
the Poincaré group. We will not study the topological twistings in detail, but we expect that
a lot of the features that we point out can be proven by use of topological gauge theories.

We then concentrate on perturbative calculations of specific n-point functions of the
operators we constructed. Using previously found results for the four-point function of
generic chiral primary operators we can immediately show that for our operators there are
no perturbative corrections. In a companion paper [21] we develop a simple formula for the
one-loop correction to all n-point functions of chiral primary operators. In that paper we
use this formula to evaluate some five-point functions and a six-point function at one loop.
Here we show that when concentrating on our special operators, these one-loop quantum
corrections vanish.

In the next two sections we study the details of the two constructions, relegating more
technical details of the supersymmetry algebra to appendices. We conclude in section 4
with a summary of our results and an extensive discussion of possible generalizations and
uses of these ideas.

2 Example I: 1/16 BPS n-point functions on R*

For our first example we take the six real scalars of N' =4 SYM theory ®!, ..., ®% and at
an arbitrary point z# € R* define the field

C(x) = 2iz"®"(z) +1i (1 — (z)*) ®°(x) + (1 + (#")?) ®%(x), (2.1)
note that this corresponds to the six-vector in (1.2)
ur(z) = <2m1 \2ia? ,2i2° , 2t i(1 — (2M)2),1 + (m“)2> , (2.2)

which indeed satisfies u(x)? = 0. Using C(z) we can then build 1/2 BPS gauge invariant
local operators
Tr C(x)” . (2.3)

In the definition of C we assigned to four of the six scalars a Lorentz index p, which is
the first indication that some topological twisting is involved in the construction. Note
that the different terms appearing in the definition have varying scaling dimensions, which
could be fixed by adding appropriate powers of an arbitrary length-scale. For simplicity we
set this dimensionful constant to unity. The field C' was considered in the past in [22, 23],



for somewhat different motivations. We present our point of view on these operators and
will rely on some of the results of [22] below.

When considering the gauge theory on S* these operators can also be written in a
compact form. Representing the sphere in flat R®> we have

C(x) = i®™(x)z™ + ®5(x), m=1,---,5, (z™)? =1. (2.4)
We may also write the sphere as the base of the light-cone in R%! and now
C(z) o 2'®(x), (2.5)
with ¢ =1, ...,6 and in the sixth direction a (—i) is included.

2.1 Supersymmetry

We wish to calculate now the supercharges that are preserved by the field C' at an arbitrary
point in space. A compact way of writing the general variation of a scalar ®* under both
the Poincaré and conformal supercharges is as

60 = pp'~e, € =¢€g+ yurler. (2.6)

Here 1 is the gluino which transforms in the spinor representation of the Lorentz and
SO(6) R-symmetry groups, p’ are the SO(6) gamma matrices, while ~,, are those of the
spatial SO(4) and we take them to commute with each-other. ¢y and €; are constant 16-
component spinors which are the parameters for the super-Poincaré and superconformal
transformations respectively. Our notations and details of the superconformal algebra are
listed in appendix A.

Applying this to our local field C(z) of (2.1) gives

8C(x) = (2ia" p"y° +i(1 = (2,)*)p°7° + (1 + (2)*)0%7°) (0 + yuat'e) . (2.7)

Expanding and separating into terms with different x dependences gives among others,
the equations

(p® +ip®)eg =0, (p® —ip®)er =0, ipfeg + pyter = 0. (2.8)

All the other equations are automatically solved once we impose these conditions, which
are also not independent. The first two are a consequence of the last ones, which can be
rewritten as

v'oleo = v peo = P pleo = 7' pleo = ip’er . (2.9)
Since €y and €; arise from chiral spinors in 10-dimensions,® this automatically sets the
correct relation between the last two matrices p° and p® acting on it, just as the first
equation in (2.8). Then ¢; is completely defined in terms on .

The above conditions on ¢y can be rearranged as

Y ey = —pMe pw,v=1,--- 4. (2.10)

3In our conventions 'Yy = €y and T''%; = —e; with T10 = iy 424342 p! 2 p3 pt p° pb.



Now note that v*¥ are the generators of the Lorentz group in the spinor representation
while p* are six out of the 15 generators of the R-symmetry group, also in a spinor
representation. This equation suggests taking the diagonal sum of the two groups and
imposing that ¢p is a singlet under the diagonal group.

€y is the sum of a chiral spinor earAa transforming in the (2,1,4) representation of
SU(2)r x SU(2)r x SU(4) and an anti-chiral spinor €; 44 in the (1,2,4) representation.
The above equation suggests to break the R-symmetry also to SU(2)4 x SU(2) g, such that
the spinor is decomposed as 4 — (2,1)® (1, 2). We will use dotted lowercase roman indices
for SU(2) 4 and undotted ones for SU(2)p.

Under this decomposition the most general supercharge is generated by
e Q% 4 ¢ %Qpe — €7 54 — eTA8d 4 efage | €g ““Qaa — €. 9% — éf.d@@ (2.11)
Oa ¥« 0 aa 1aa la*a la®a 0 aa laa 0a ¥a- :

Details are given in appendix B.

We may now view the above equation (2.10) as relating SU(2);, with SU(2)p and
SU(2)r with SU(2) 4, so we need to consider only the spinors with either both dotted or
both undotted space-time and R-symmetry indices. Furthermore, the requirement that
they are a singlet of the diagonal group means that they can be written as

€ =00, o =05 ¢ s (2.12)

where €, and ¢; will serve as the two parameters of the unbroken supersymmetries.

€1 can now be determined through the equation ip%¢; = v'pleg. The generator p'®
changes a dotted index into an undotted one, as does the single gamma matrix v'. In
our notations in appendix A the gamma matrix with lower indices is Véa = 47! and in
appendix B one finds that (p°! +ipft) = —irl so

+a _ 1 laad:—a _ ga - — —a 1 laa +ao _ ga +
€la = TaaT "€ = 0a€ €l = ToaT “eg = 04 € - (2.13)

Plugging this into (2.11) we find that the supercharges that annihilate all of the operators
C, regardless of their positions, are

Ot =452Qe — 64 8%, Q=68 Q%— 06052, (2.14)

While C' at a specific position preserves 24 supercharges, like any other chiral field, the
fields C all share two supercharges irrespective of their positions. In special cases, when
the positions are not totally generic there will be enhanced supersymmetry:

e Clearly at two different points C(z1) and C(x2) share sixteen supercharges.

e At three different points operators built out of C(x;) share only eight supercharges,
which is the same as for generic three 1/2 BPS local operators. Furthermore, any
three operators define a line or a circle on R*. If we consider any number of operators
made of the C's at arbitrary points along the line/circle they do not break any more
of the supersymmetries and still preserve 1/4 of the supercharges.



e Likewise considering C' at four points, or at any number of points on an S? or an R?

subspace, will lead to four preserved supercharges.

e Five different operators at generic positions are already the general case and preserve

only two supercharges.

2.2 Twisted symmetry

We have seen that operators built out of the field C' are all invariant under two supercharges
Q. Here we address how they transform under the remaining symmetry generators.

Some of the symmetry involved in the construction of C' is apparent already on a
quick inspection of (2.1). We assigned to four of the scalar fields Lorentz indices on R*, or
in the construction based on the light cone (2.5), we assigned a Lorentz index to all six.
This suggests that C will transform covariantly when combining R-symmetry rotations and
Poincaré and conformal transformations.

Indeed in section 2.1 we saw that the supercharges that annihilate C' are singlets of a
diagonal subgroup of the SO(5,1) conformal group and the SO(6) R-symmetry group.* A
simple way of finding the twisted symmetry is to take the anti-commutators of QF with the
other supercharges. As is shown in appendix B, this leads to the combinations of bosonic

symmetries (B.13)
P, =P, + Rs, +iRq,,
uy = J,uu + R;w )
D =D +iRsq,

K, =K, + Rs, — iRq, .

(2.15)

Our construction therefore involves an identification of the R-symmetry group and the
space-time group, which is the way one obtains topological theories out of theories with
extended supersymmetries. Usually these constructions twist an SU(2) in space-time by an
SU(2) R-symmetry. Here the twist involves also the conformal generators and as we shall
see our other example in section 3 is also associated to topological twistings of a subgroup
of the conformal group.

In (A.11), (A.12) the action of the bosonic symmetry generators on scalar fields is
written out. From that we can derive the action of the combined generators in (2.15) on
our field C', incorporating the explicit space-time dependence

P,C=9,C,

j“fc = (2,0, — 2,0,)C, (2.16)
DC =2"9,C,

K, C = (2,29, — z29,)C

“These are not the same groups, of course, but both are certain real subgroups of SL(4,C). We are
working mostly at the level of the algebra and are therefore not affected much by this. A more careful
treatments is given in [22] where it is argued that the R-symmetry group should really be also SO(5,1).



Therefore C' transforms as a dimension-zero scalar of this twisted conformal group. Indeed

its tree-level two-point function is given by

(C(x1) Clx2))y = (221;()3;1()36-111_1(;2))2 = %, (2.17)

suppressing the gauge group indices.
The fact that the symmetry generators arise as anti-commutators with Q% (B.13)
allows us to prove that the n-point function is position independent. Consider the correlator

(Tr C'(21) Tr C”(22) -+ Tr C7(z)). (2.18)

We use the fact that P* = { or, Qﬂ}, that QT annihilates all C’s and the Ward-Takahashi

identity associated to the symmetry generator Q" to derive

i r O (z r C2(zy) -+ Tr C7"(x
8$!1L<T C (I)T C (2) Tr C (n)> (2.19)

= Q+<J1Tr [{qu C}C‘]l_l(xl)] Tr CJ2(1'2) <o Tr CJ”(xn)> =0.

This statement is exact regardless of any quantum corrections (including non-
perturbative ones).

Furthermore, it was proven in [22] that the action of N' = 4 SYM theory when restricted
to the zero instanton sector is QF-exact, i.e. Spert = {Qi, \Ifi} with some ¥*. This implies

that the n-point function receives no perturbative corrections®

L2<Tr C/t(x1) Tr C72(zp) - Tr CJn(xn» ert
N P (2.20)

o QH(U* Tr C7' (1) Tr C2(z5) -+ Tr C’J"(gvn)>pert =
These results are very reminiscent of those for operators in the chiral ring of theories
with A/ = 1 supersymmetry. There one can further use cluster decomposition to prove
that the n-point function vanishes perturbatively and receives contributions only from the
Veneziano-Yankielowicz superpotential.

In our case the theory is conformal, so there is no cluster decomposition. The n-point
function is not zero perturbatively, but given by tree-level contractions, as is discussed in
the next subsection. We have not evaluated the instanton corrections.

In addition to the two supercharges annihilating the field C, and the fifteen symmetry
generators that act on it covariantly (2.15), there are also fifteen more fermionic generators
under which it transforms covariantly (B.12). They are given by the sum of the two
off-diagonal blocks in (B.2). Together with the bosonic generators (2.15) they form the
superalgebra Q(4).

®This is true when suitably normalizing the operators to absorb the powers of gym coming from the free
propagators.



2.3 Explicit perturbative calculations

As argued already in the last section, the n-point functions of operators made of powers
of C
<TrCJ1(x1)TrCJ2(x2)...TrCJ”(acn)>, (2.21)

receive no radiative corrections in perturbation theory and may thus be called “superpro-
tected”. This is a property known to be true for two-pint and three-point functions of all
chiral primary operators, the novelty here is that it extends to n-point functions of the
special chiral primary operators made of the field C.

The argument given in the preceding section for the vanishing of all perturbative
corrections to the n-point function is based on the proof of [22] that the action is QF
exact. We want to back up this elegant formal argument through explicit computations of
the first quantum correction to all n-point functions and all the perturbative corrections
to the four-point function of these operators (all with the same J). These considerations
will also be of later use in section 3.

In [21] we derive a compact expression for the planar one-loop quantum correction to
all n-point functions of operators of the form

OY(z) = Tr [u; &' ()], (2.22)

where the u; are arbitrary complex six-component vectors obeying uy uy = 0. This makes
OY a chiral primary.

The one-loop correction to the n-point function is written as a sum over all possible
choices of four of the operators, with labels i, 7, k and [. One field from each of these
operators interacts through a combined four-point vertex D;;; and the rest of the fields
of these four operators have to be contracted with all the other operators in a planar way
(on a disc, with these four operators on the boundary). This can be written as

uy Un _ LT, . Uj Uj U, uy Up
<0J1 ...an>1_loop = 3" i Dzjkl<ojilojjlojkl Jﬂ‘ I1 on>
5.k, p#i,g,k,l

tree, disc
(2.23)
The effective interaction vertex D is®
A
Dioss = o—5 (s, ) (2[13][24] + (s — 1 — t)[14][23] 4 (t — 1 — s) [12][34]), (2.24)

327

where [ij] are the tree level contractions (without gauge-group indices), while s and ¢ are
the cross-ratios

1 u%-uj
7] = om)Z 2 2 2 2 2
(2m) Lij T13 T4 T13 T4

2 2 2 2
Tio T T4 T
12 ¥34 14 ¥23 —

and ®(s,t) is the scalar box integral [24]

2 2
1
Q0 L5 L5 L35 Tys

For clarity we sometimes replace the general indices ijkl with 1234.



One last thing to note, in equation (2.23) one should sum over three inequivalent orders of
the operators: ijkl, ikjl and ¢klj, since the tree level disc amplitudes with these orderings
are generically different. It makes some sense to combine all these terms together, since
Dy234 + Di3oq + Dyog3 = 0, which allows to simplify some expressions, but this is not
necessary for the current calculation. It will be important in section 3.

With this result it is easy to prove that there are no one-loop corrections to the n-
point function of operators made of the field C. In this case we have (2.2) that u} = us(z;)
depends on the position z;. This gives the inner product u’l . u]I = 23:% and hence the
free-field contractions are all constant

lif] = - . (2.27)
272
Plugging into (2.24) we find that D;;,; = 0, so there are no one-loop corrections to any of
the n-point functions of our operators.

In the case of four-point functions, we can extend this to an all-loop statement, relying
on the results of Arutyunov, Dolan, Osborn and Sokatchev [18, 19].

Based on superconformal symmetry and additional dynamical input these authors
showed that the all-loop quantum corrections to the four-point amplitude of general chiral
primaries of weight J are of a factorized, universal form

<(’)f}1 (1) O (x2) O (z3) O (x4)> R(s,t; X, Y, 2) Fy(s, t; X, Y, Z;\), (2.28)

quant =

where X', Y and Z are the pair-wise contractions
X = [12][34], Y =[13][24], Z = [14][23]. (2.29)

The important ingredient in (2.28) is R, the universal polynomial prefactor which is inde-
pendent of J or A. It is given by the simple combination

R=sY-X)(Z-X)+t(Z2-X)(Z2-V)+ (Y -X)(~-2)
_ 10 (¥D1234 + X Dy32g + ZD1243) (2:30)
= No(s,0) 1234 1324 1243) -
Moreover the functions F; are known up to two-loop order for J < 4 [20].

Clearly in our case
1

4’

so R = 0 and therefore there are no radiative corrections to the four-point functions.

X=Y=2= (2.31)

3 Example II: 1/8 BPS n-point functions on R?

We now turn to the discussion of our second example for a superprotected operator. If we
restrict the operator C' from section 2 to the (z!,2?) plane (i.e. 2° = 2% = 0) it is

C = 2iz' @' + 2i22®? +i(1 — (")) D + (1 + ()} D°. (3.1)



These operators will share four supercharges, twice as many as the most general operators
on R%. We present in this section another construction of local operators on this plane made
out of only three of the scalars ®, ®2 and &3, which will also share four supercharges.

Using the complex coordinates w = x! + iz? and w = 2! — iz? define
Z =i(1 —w?)®! + (1 + 0*)®? — 2iwd?, (3.2)
which corresponds to the choice in (1.2)
wr (@) = <z’(1—1D2),1+1D2,—2iw,0,0,0>. (3.3)

As before we use Z to construct gauge invariant local operators
Tr Z7 (w,w), (3.4)

at arbitrary positions on R2.

While the definition of Z is different from the restriction of C' to generic points on R?,
if we restrict both to a line, they are the same up to the choice of scalar fields. For real w,
for example, Z in (3.1) is the same as C (2.1) with (&1, ®2, ®3) — (®°, &, —d1). Indeed
while generically all C's share four supercharges, along a line or a circle they share eight.

A nice realization of the same operators Z shows up when considering three scalar
fields on S?. Using the indices 4, j, k = 1,2,3 both for unit three-vectors and for the three
scalars, we may define the following scalar field

i _ (51‘3‘ _ xixj)q)j + iﬁijkqu>k- (3.5)

We study operators built out of this field in appendix D, where we explain the spurious
superscript in Z% and how it is related to Z in (3.2).

3.1 Supersymmetry

Examining the invariance of these operators under supersymmetry leads to the equations
(p~ —wp® —w?p") (o + (wy™ + w7 )er) =0, (3.6)

where we defined p* = (p' £1ip?)/2 and 4 = (! £i7?)/2.
Requiring that this is satisfied for all w and w leads to the independent equations

pPeo—p yte =0,  pre+p’vTe =0, 4T =0. (3.7)
We can isolate the following conditions on €;
v er=pPpTer =0. (3.8)

As in section 2.1, it proves useful again to consider the breaking of the R-symmetry group
SO(6) — SU(2) 4 x SU(2)p, but in a different way than discussed there. For the case at
hand we take SU(2) 4/ to rotate the first three scalars ®!, ®2 and ®3. SU(2)p will rotate
the remaining three scalars, which do not appear in Z and therefore we will not find any

,10,



constraints associate to it. Under this breaking, which is discussed in detail in appendix C,
the 4 of SO(6) is decomposed into the (2,2) of the broken group.” The index A of SU(4)
is replaced by the pair aa, with the dotted and undotted indices representing SU(2) 4/
and SU(2)p respectively. The anti-symmetric p”/ with 4,7 = 1,2,3 are the generators of
SU(2) 4 and can be written in terms of Pauli matrices. In addition we consider the chiral
decomposition of the spinors under SU(2);, x SU(2)g with indices o and & respectively.

Under this decomposition the chiral and anti-chiral parts of ¢y have the indices eaLdoc‘L and

+ aa

€ “** and of €; they are €]

and €] ;.- The most general supersymmetry transformation
is then generated by
Qe + & ““*Qada + 45,

la

Sada (3.9)

~ €laaa
The specific choice of gamma matrices in (A.5) is such that
Vhy = 0L0E . e =i620L, AT = —istey, 4O = —isgsY.  (3.10)

Likewise (C.4)
()4 =0i07,  (0°7)4 =050, . (3.11)

+ aa

The equation 7~ €; = 0 means that for the chiral component, €

, the subscript « has to
be 2 and for the anti-chiral part ¢ = 1. The equation p?*e; = 0 means that the superscript
a =1, and as a subscript @ = 2. Therefore

+aa __ 2ca +a
€lo = 0q0i€ 7,

= o162, (3.12)

€1 dia
with arbitrary et and €, . Now we can use the first equation in (3.7) to solve for g

e 400 — jsestete e — iggsler (3.13)

a-a

Using (3.9), this gives the four independent supersymmetry generators

QF = Qs —i8%,, QU =Qul i, (3.14)

Note that the supercharges mix S and @ generators of different chirality.

The supercharges should commute to symmetries of the operators, which are the ro-
tation in the transverse plane and SU(2)p/ rotations

(QF, Q7" = —ioh(J% — Jh) —iT?,. (3.15)

Indeed the trace part is the rotation in the (z3,x4) plane and the triplet of a and b are the
SU(2) s generators.

"The breaking in section 2.1 is such that 4 — (2,1) & (1, 2).

— 11 —



3.2 Perturbative calculation

We want to calculate n-point correlators of operators built out of the field Z
<Tr Z (wy, 1) Tr Z72 (ws, @2) --- Tr Z7" (wy, @) > , (3.16)

with all n-points (w;,w;) lying in the plane.

At tree level we should consider all possible contractions of Z fields. Now using (3.3)

we have ur(w;) - ur(w;) = 2(w; — w;)%. The free-field contractions are therefore given by
[12] = (Z(wy, @) Z(ws, ) = 2—;2—2  wiy=wi—w, (3.17)
where as before we suppressed gauge indices.

This two-point function is equivalent to that of a (matrix valued) field in a two-
dimensional conformal field theory with conformal weights (%, — %) We discuss the transfor-
mation properties of the field Z under twisted conformal symmetries in the next subsection.

The operators Tr Z”/ are chiral primary operators of N' = 4 SYM, so the two and
three-point functions do not receive quantum corrections and are given by considering all
possible free-field contractions (3.17).

Unlike the case of the operators in section 2, for the operators made of the field Z on
R?, we do not have a general proof for the vanishing of the quantum corrections. It may
be possible to show that the action is exact under the supersymmetries that annihilate 2,
which would prove this statement.

Instead we proceed here to study the correlation functions of these operators in special
cases. First we consider the four-point functions, based on the general results of [18, 19].
Then we turn to some specific examples of five and six-point functions of operators of low
dimension and show by explicit calculations performed in our companion paper [21] that
the one-loop correction vanishes.

The first interesting quantity is the four-point function of these operators. As dis-
cussed in section 2.3, the key ingredients that appear in this calculation are the pairwise

contractions (2.29)
X = [12][34], Y = [13][24], Z = [14][23]. (3.18)

The two other ingredients are the conformal invariant cross ratios (2.25), which may also
be expressed in terms of a complex number y

2 .2 2 .2
Tio _ T _

s= "ot =pp,  t=—"r20=(1-p)(l-p). (3.19)
Ti3 Toy 13 T24

Using these, the universal polynomial prefactor (2.30) of [18, 19] takes the factorized form
R=sQY-X)(Z-X)+t(Z-X)(Z-V)+0Q-X) (V-2
:(u(X—Z)Jrz—y) (ﬁ(X—Z)—i—Z—y). (3.20)

So far this expression does not assume our specific operators, it only uses the complex
representation of the cross-ratios (3.19).
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In our case p can be written explicitly as the cross ratio of the four points w; on the
complex plane®
w1 W
=23 (3.21)
W13 W24
We note now that for our special operators Z, the pair-wise contractions X', ) and Z

are related to the cross-ratios by

X [ Z 1-rn
Y ou Yy 1—-u
With this we find the ‘magical’” identity
u(X —2)+2-y=0, (3.23)
SO
R=0, (3.24)

and therefore all the four-point functions do not receive any quantum corrections in per-
turbation theory!

For correlation functions beyond the four-point function we do not have general results.
We did calculate, though, several five and six-point functions at one-loop order and found
that the quantum corrections vanish, suggesting that this might be a general property of
all n-point functions.

The calculation is done by using the results of [21], where the one loop correction to
the n-point function of chiral primary operators is written as a sum of insertions of an
effective four-scalar vertex Djji; into tree-level disc amplitudes (2.24).

Using the complex cross-ratio u, the function D234 can be written as

Digzy = ©(s,t)(2[13][24] — (2 — p — @)[14][23] — (10 + 1) [12][34]).. (3.25)

A
3272

In our case we can furthermore use (3.22) to simplify this to

o(s, 1)y LB (3.26)

P = pT= 1)

3272

®(s,t) is a transcendental function of the cross-ratios (2.26), and therefore the sum
over different D;j;p; insertions in (2.23) is over different transcendental functions among
which there cannot be cancelations. The exception are terms with the same four vertices
but with a different ordering. It is always true that Dys3q + Di3o4 + D1243 = 0, but using
the expression in (3.26) valid for our operators we find furthermore that D satisfies the

modular relations
1 1

Digga = —— Disga = ———— Dias, (3.27)
7 L—p

8In general, any four points sit on a sphere or a plane in R* and defining i by solving (3.19) will give
the complex conformal cross-ratio of these points with the natural complex-structure on that sphere/plane.
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Let us now examine the particular example of the minimal five-point function, that of
operators of dimension two, the general insertion formula (2.23) gives [21]

(031052057 03" 057)

1-loop =

— 32 <D1234 ([13][52][45] + [15][53][24]) (3.28)

+ Di324 ([12][35][54] + [15][52][34)
+ D1 ([14](25][53] + [15][54][23])

+ cyclic permutations of (12345)).

Using the modular property (3.27) allows us to simplify the three terms we have written
explicitly in (3.28), which add up to

Do ([13][52)[45) + [15][53][24] — p([12)[35][54] + [15][52] 34) )
~ (1= ) ([14)25)[53) + [15)[54][23]) ) |

By an explicit calculation, plugging in the value of the tree-level contractions (3.17), we find
that this sum vanishes. Hence there are no one-loop correction to this five-point function.

Furthermore, in [21] several other examples of five-point functions of operators of total
dimension up to sixteen were calculated and it was shown that they can always be written
as a sum of six terms. One is proportional to (3.28) and the rest are proportional to R (3.20)
(with the five different choices of four points). Since these constituents vanish for operators
made solely of Z, the one-loop corrections to all these five-point functions vanish. If such
a decomposition of the five-point amplitude generalizes also for chiral primary operators of
higher dimension, it would then immediately imply the vanishing of the one-loop correction
to any five-point function made of Z.

We also computed in [21] one six-point function, that of six chiral primary operators of
dimension two. It is written again as a sum similar to (3.28) and by plugging in our choice of
operators, using the modular relation (3.27) we get a sum of fifteen terms similar to (3.29)
(but with eighteen terms instead of six and each made of four tree-level contractions, instead
of three). By direct calculation we found that this vanishes. It would be interesting to
understand higher-point functions, both as to their factorization into n-point function of
operators of dimension two, and to the vanishing of the analogs of (3.29). We leave this
for future explorations.

We would like to stress again that unlike the field C of section 2, the correlators of
operators made of Z are not constant, rather they involve the ratio of the anti-holomorphic

and holomorphic distances between the points.

3.3 Twisted symmetry

It is clear that in addition to the four supersymmetries calculated in section 3.1, the field
Z is invariant under J34, the rotation that leaves the plane invariant, as well as under the
action of the three generators of the R-symmetry group that act on the three remaining
scalars ®*, ®° and ®°, which we dubbed SU(2)p.

Beyond that, being restricted to the plane, Z transforms in representations of SL(2, C),
of rigid conformal transformations on the plane generated by P, P>, K1, Ky, J12 and D.
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Likewise, since it involve ®!, ®? and ®3, Z can be classified in terms of the SU(2) 4/ group
that rotates them, generated by Ris, Ros and Ra;.
Consider the three generators of the holomorphic SL(2,R)

1 ) 1 ) 1 .
Ly = §(P1 — ZPQ), Lo = §(D — ZJ12), L = §(K1 +ZK2) . (330)
These operators act on Z by
1
LiZ=0uZ, LZ=wdZ+3Z, L1 Z=w*0,Z +wZ. (3.31)

Z therefore transforms as a weight 1/2 primary field of this group.
Since some of the other symmetry generators do not close on Z, it will prove useful to
define two more fields made of the same three scalars

Y = —iw®! + wd? —id3, W = —id! + &%, (3.32)

The transformation rules of Y and W under L; are identical to that of Z. This is clearly
the same behavior as for any of the scalar fields, since there is no explicit w dependence in

the definitions of Z, Y and W
The rest of the symmetry generators can be organized as

R, = —i(R23 + iR31) 5 Ry =1Ry2, R_= i(Rgg — iRgl) , (3.33)

_ 1 1 ;o1
Ly = 5(Pi+iP), Lo = 5(D +iJi2), Loy = 5K —iKs),  (3.34)

Their action on the fields Z, Y and W are not too simple and are given in the appendix,
see (C.11) (C.10).
A natural thing to try is to take the linear combination of L and R. Consider

for example
Ll :E1—|—R+, LQ :EQ—FR(), I./,l :E,1 + R_. (335)

Their action on Z is given by

1 .
5% L\ Z =007 —wZ. (3.36)

[ Z =037, LoZ =wdgZ —

Z therefore transforms as a weight —1/2 field of this twisted anti-holomorphic SL(2,R).

The action on Y and W is given in (C.13). Y has weight 1/2 and W has weight 3/2, but
they are not primaries, since there are additional terms in the action of L_;.

It will turn out that a different combination of the anti-holomorphic symmetry gener-

ators and rotations is related to supersymmetries preserved by the operators Z. These are
. _ 1 A - 1 - - 1
Li=L1+ §R+ R Lo= Lo+ §R0, L1=L_1+ §R_ . (337)

Note that because of the factor of 1/2 those generators do not close onto themselves, and
do not form an SL(2,RR) algebra.
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The action of these operators on Z is
I1Z =032 -Y, LoZ =wdyZ —wY L_17Z =007 — %Y . (3.38)

Under this twisting Z has dimension zero, but has these extra terms proportional to Y in
the action of L. The actions on Y and W are given in (C.15), where Y has dimension 1/2
and W dimension one.

To see how these symmetry generators come about, consider the anti-commutators of
OF with all the other supercharges which will generate some of the bosonic symmetries
of the theory. Most of these symmetries will map our operators to others, taking them
away from the (z1,x2) plane or turning on the three remaining scalars. But the following
combinations map our operators to themselves

{Q;r 7iQ21a I giia} _ 2(J22 i jii 1 D) +Tii B TQQ =2(D +iJis +iRy2) = 4Ly,
{Q;— R —’iQQQG} = —2iP21 — TQi =P +1P — i(R23 + iRgl) = Qﬁl ,
{of ,—S"*} = 2iK"? + T = Ky — iKy +i(Ro3 — iR31) = 2L_1 . (3.39)

Similar expressions exist for Q™% giving the same combinations of symmetry generators on
the right-hand side. Note that these symmetries include both space-time generators and
R-rotations of SU(2) 4 and are the second twisting discussed above. Their action on the
fields Z, Y and W are given in (3.38) and (C.15).
These twisted symmetry generators can be used to find extra relations among the
n-point function of operators with Tr Z7 which are valid in the quantum theory.
It is instructive to consider the contractions of Z as well as Y and W (3.32) (again
suppressing the gauge group indices)
1 w 1 1
s V(@)Y (s, @) = -5
— (W (w1, 00) 2oz, 02)) = 55—

<W(w1,w1)Y(w2,1D2)> =0, <W(’U)1,ZT}1) W(wg,’u_)g» =0. (340)

(Z(w1,w1) Z(wa,ws)) =

(Y (wy,w1) Z(wa,ws)) =

27‘1’2 w12 ’

Consider the action of @} on the correlator of any number of Tr Z* operators and one
arbitrary local operator O

oo Tz TxzM ) =(QfOTxZ" Ty Z..) (3.41)

QF commutes with all the Z’s and the overall expression vanishes, by a Ward-
Takahashi identity. . .

Now take O = ﬁ Q,2*Tr Z71. Since we saw (3.39) that 2L, = {of ,—iQ,**} and it
commutes with the Z’s, we have

1 -
—iQrO = - LTtz =Tr [(0sZ - Y)Z7 7] . (3.42)
1
Thus we find the following relation for the four-point function with one Y insertion

1
(Tt [YZ' ez v 273 e 270) = + O, (Tr Z"' Tv 272 Te 27 v 274) . (3.43)
1
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As we have proven in section 3.2, the four-point function on the right-hand side is given
by the free contractions of the different Z’s and from this we derived an ezxact expression
for the correlator on the left-hand side as well. Similar statements would hold for higher
n-point functions if indeed these are not renormalized either.

To illustrate this type of relation in a particularly simple example, for the two-point
function we know from (3.40) that

(Z(wi, 1) Z (ws, T3)) = Q—;Z—i (Y (wr, 1) Z(ws, ) = 2_71727%12 (3.44)

and indeed (Y (wq,wy) Z(we, we)) = O, (Z (w1, w1) Z(wa,w3)) .

The twisted symmetry generators L; can be used to derive more such relations between
correlation functions.

4 Discussion

In this paper we introduced the notion of “superprotected n-point function”, the correlation
function of operators all sharing supersymmetries. We focused on two main examples: In
section 2 operators constructed of all six scalars and at general position in R*, and in
section 3 operators constructed out of three real scalars and restricted to a plane.

The operators have explicit spatial dependence and in the example of section 2 this
renders their tree-level correlation functions space-independent. Thus these correlation
functions are given by a zero-dimensional Gaussian matrix model. Furthermore we provided
different evidence for the absence of perturbative corrections to these observables. The most
elegant argument is that given by de Medeiros et al. [22], who showed that the N/ = 4 action
is exact under the supersymmetries that annihilate these operators, up to instanton terms.
Beyond this somewhat formal argument we checked this cancellation using an explicit
expression for the one-loop correction to all n-point functions of chiral primary operators,
published in an accompanying paper [21]. In addition we relied on the general structure
of the four-point function of chiral primary operators [18, 19] which implies the all-loop
cancelation of quantum corrections, even including instantons [25].

The operators in section 3 have a different spatial dependance and consequently more
complicated correlation functions. The free contractions are those of a two-dimensional
CFT with matrix fields of dimension (%, —%) Again, we checked the quantum corrections
in a variety of ways, the all-loop corrections to all four point functions and the explicit
one-loop correction to some five-point functions and one six-point function. In all these
cases the quantum corrections vanished, leading one to believe that again these n-point
functions are given by this free theory.

There exists another class of n-point functions that do not receive quantum corrections,
the extremal correlators [26]. These correlation functions are such that the weights of the
operators allow only very simple Feynman diagrams to contribute and exclude quantum
corrections. Our constructions are based on a very different principle; the weights are
completely arbitrary, but the type of operator is correlated with its space-time position.
The simplicity is a consequence of the supersymmetry shared by all the operators.
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It would clearly be desirable to have rigorous proofs that none of the correlation func-
tions studied in this paper receive perturbative corrections. For the case discussed in
section 2, this is done in [22] by showing that the action is Q exact, up to instanton terms.
It would be interesting to try to show the same for the operators in section 3. Further-
more, since the proof applies only to the perturbative series, it suggests that there could
be instanton corrections to the n-point functions and perhaps they are also computable.

Another question we have not touched on is regarding the string duals of these n-
point functions. Four-point functions have been calculated in AdSs x S° [13, 14, 27]
and it is known that the result is also proportional to the universal polynomial prefactor
R(s,t; X, Y, 2) (2.30) of [18, 19]. Hence the quantum corrections in string theory also
cancel for the four-point functions. It would still be nice to have explicit calculations for
our examples, since they most likely are much simpler than a generic four-point function
calculation (which is quite complicated). Is there some way to organize the calculation
which brings out the fact that the full result localizes to free graphs? Furthermore, would
it be possible to calculate in AdS higher-point functions for these operators?

Going beyond the specific examples studied in this paper, one could ask the same
question regarding any n-point function where all the operators share some supersymme-
tries. Are all such correlation functions protected? There are many examples where BPS
Wilson loop operators are [28-36]. Likewise the known examples of correlation functions
of local operators and Wilson loops sharing some supersymmetries are given by summing
free propagators [37-43]. One could also find Wilson loops that share supersymmetry with
the n-point functions discussed in this paper [23]. As another example, the slightly more
exotic surface operators [44] seem to have very simple correlation functions with Wilson
loops and local operators when they all share supersymmetry [45, 46].

In fact, another family of local operators that share supersymmetry can be derived from
taking infinitesimal Wilson loops. There are two known examples of families of Wilson loop
operators which all share some supercharges [47, 48]. While those papers concentrate on
the expectation value of a single Wilson loop, there is no impediment to take more than
one — that configuration is still supersymmetric. When shrinking all the Wilson loops
to small size, one ends up with local operators which can serve as another realization of
the ideas put forth in this paper. The Wilson loops are made by including special scalar
couplings in addition to the gauge connection. The resulting local operators will include
the field strength, derivatives and commutators of scalar fields, which can all be represented
in terms of some modified covariant derivative like

D, =0, —id, +®,,

~ (4.1)
Dy =0, —iA, + 92"

These correspond to the two examples, where the scalar fields get assigned space-time
indices of a vector and self-dual tensor in a natural way [47, 48].

In the case of the loops constructed by Zarembo [47], the expectation values are always
unity [49-51], and it is reasonable to expect that this would be true also in the limit.
The second example, that in [48] is more complicated and one would expect the n-point
function of the infinitesimal Wilson loops to be non-zero. In particular, when the loop is
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restricted to an S? in space-time there is some evidence showing that they are equal to a
perturbative calculation in two-dimensional Yang-Mills theory [52, 53] (see also [54, 55]).
Are the correlation functions of the infinitesimal loops then given by the correlators of
single plaquette operators in two-dimensional Yang-Mils?

These examples, including the ones studied in this paper are surely not the only ones.
For local operators, as mentioned before, any three chiral primary operators will share
some supercharges. It is reasonable to expect that on the line (or circle) spanned by these
operators one could place more local operators that share the same supercharges as the
original three. Will all such objects have vanishing quantum corrections? It is possible that
the tools we used in section 3 would apply also there. In checking for the cancelation of the
one-loop corrections an important property was the way the interaction vertex depended on
the complex cross-ratio (3.27). For four operators on a line there is only one real cross-ratio,
8o it is possible that similar relations will also hold.

Beyond a single line, one can ask whether there are other examples of families of
operators on submanifolds of space-time, like R? in our second example, that share some
supercharges, and whether they receive quantum corrections. One useful tool may be the
universal polynomial function R (2.30). In both of our examples it vanished, proving
that the four point functions do not get renormalized. One can therefore ask for which
collection of points, or submanifold of space-time and for which operators does R vanish. In
these cases will the operators necessarily share some supercharges? Under what conditions
would it be possible to add operators to make n-point functions with vanishing quantum

corrections, and is there a generalization of R to these cases (see also [21]).

As we touched on in the text, the supersymmetry shared by the families of operators
we constructed lead to some bosonic “twisted” symmetries that relate different correlation
functions to each-other. It would be interesting to understand the scope of these symmetries
and find all possible correlation functions of other operators, involving fermions, derivatives
and gauge fields and which are related to the ones we have calculated — and therefore are

also “superprotected”.

Our results advocate the point of view where one should not necessarily regard local
operators as the basic objects and n-point functions merely as their correlators. The n-
point functions may have more of an independent meaning. One example of this dual
point of view are classical geodesics in AdS space — they calculate the two-point functions
of dual operators. In particular, in all the examples that we studied we investigated the
amount of supersymmetry preserved by all the objects in the correlation function, not

each separately.

A very interesting spin-off would be to try to build upon our “superprotected” three-
point functions to understand the interaction of non-BPS operators. In the same way
that the spectrum of local operators is understood in terms of magnon excitations over a
supersymmetric ground state, one could put magnons on top of three long operators which
share supersymmetry and study their interactions. We find the operators in section 2
particularly promising candidates for the ground state, since their correlation functions

have trivial spatial dependence.
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A Notations and the superalgebra

This appendix summarizes our conventions for the N' = 4 superconformal algebra
PSU(2,2[4) following [56]. The two ways of breaking the R-symmetry group SU(4) —
SU(2) x SU(2) are then explained in the following appendices.

We denote by J%, J_‘% the generators of the SU(2);, x SU(2)r Lorentz group, and by
RAB the 15 generators of the R-symmetry group SU(4). The remaining bosonic generators
are the translations P4, the special conformal transformations K% and the dilatation D.
Finally the 32 fermionic generators are the Poincaré supersymmetries Qé, Qaa and the
superconformal supersymmetries S9, Sad,

The commutators of any generator G with J¢, jd‘ﬁ- and RAB are canonically dictated
by the index structure

1 1
(7% Gy] = 0595 — 595Gy, [7%.,67] = =039° + 3059" , (A1)
T& o' 1 e} T& ) Y ¢ 1 & A
[T+ 94] = 0595 — 5059 [1.G7] = —016% + 565G (A.2)
1 1
[R5.Gc] = 64Gs — 936 . [R%,6°) = 656" + 1086° . (A.3)

while commutators with the dilatation operator D are given by [D , g] = dim(G) G, where
dim(G) is the dimension of the generator G.

The remaining non-trivial commutators are

{Q4,Qun} = 0pPas {59,548 = 6B Ko
(K74 = 5351, K7 03] = 4555,
[Pad asg] = _6(5@@14 3 [Pad ) SﬁA] = _65Qé )

1 A4
{Q S5} = 640% + 2R, + 400D (54

B . . . 1 .
{Qan, 898} = 6577 — S5 RP, + 5555517,
[K°%, Pyy] = 690% + 057% + 636D

So far we have written the algebra in spinor notations, but we find it useful also to
transform to vector notations. To that end we take the following choice of Euclidean
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amma matrices for R* where 7% are the usual Pauli matrices
b

i ((Ugda <aigm> _ (_?Ti Zg) L <(U40)m <a40>m> _ G g) 45)

SU(2) indices can be raised and lowered by using the appropriate epsilon tensor, for
which we adopt the conventions

r__ _Ts _ s. rs _ 01 _ 0 -1
g =& gsa gr—ersga € - <_1 O)’ 67‘8_ (1 0) N (AG)

where the indices 7, s belong to any SU(2) group. Indeed (5#)%* = &8 o (o)

We note the contraction relations

B

(M)ag (6")F = 26067 Tr (ot5") = 20 . (A7)

The gamma matrices with anti-symmetric indices are

1 1
oM = 3 (ot — o), oM = 3 (gto” —a"at) . (A.8)

We may now define

P“:Pad(ﬁ“)‘j‘a, Pyo = (O-'u)adp,ua

N =N =

KF = K% (0")aa Ko —

T = % (7550 = T ()% ).

(5ﬂ)‘m K*, (A.9)

Using the commutation relations (A.4) and contracting the relevant o* and 6” we get the
commutators in SO(4) language

[K*, PY] =2(J" 46" D)
[JH, PP] = §MP P¥ — §"P PH, (A.10)
[JHY, JPO] = §HP JVT — §VP JHT 4 GHT PV — 5V PR

These commutation relations can be realized by the following definition of the action
of the symmetry generators on scalar fields

P, o' =0,9",
Ju @ = (2,0, — ,0,)®",
D' = (219, + A)D’,
K, Pt = (2z,2"0, + 2Ax,, — x28u)<1>i .

(A.11)

Noting that to calculate the commutators the derivatives act on fields, and not directly on
the coordinates, one gets the commutation relations (A.10).
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The action of the R-symmetry generators on the scalar fields can be written as
Rij ®F = 57 ®; — 65, (A.12)
which gives the algebra
[Rij, Rit| = 0 Rji — 0 Ry + 6y Rij — 61 Rire (A.13)

We choose specific notations for the R-symmetry generators in the following two appen-
dices, once we break SO(6) to SU(2) x SU(2) in the two ways appropriate for the different
local operators discussed in the text.

B Symmetry breaking for example I

The construction of the operators in section 2 involves an identification of the full SO(5, 1)
conformal group and the R-symmetry group. The supercharges, which transform in two bi-
spinor representations of those groups may be decomposed, after the identification, to two
adjoints and two singlets of the diagonal group. The supercharges preserved by the field C
are the singlets. The standard notations have the SO(4) Euclidean Lorentz group written
as SU(2)r, x SU(2)g with the spinors in the (2,1) @ (1, 2) representations, labeled by the
indices « and &. Therefore, to describe the supersymmetry preserved by the operators on
R* it is useful to consider the breaking of the SU(4) R-symmetry group to SU(2)4 x SU(2) g
such that the spinor representation becomes 4 — (2,1) @ (1,2). We will use indices a for
SU(2)4 and a for SU(2)z. Note that a different breaking is used for the operators on R?
and will be described below in appendix C.
Under this breaking the supergroup generators

o+ 108D P, ‘ QB
_aB _7a _ 1lsa _ gaB
K Jﬁ 25BD S (B.1)
Sfx QBA ‘ RBA
are decomposed as
_ KB _J& _lsap _ Gab _ga
2
; 8 - 6] . . b (B.2)
Sa Qja RV, + 360D P
_ ./B, o = . . . .b o . . _ l ..
SrPae Q% K R“B 26B“D

This decomposition of the PSU(2,2|4) algebra into SU(2), x SU(2)g x SU(2)4 xSU(2) g
is realized in a very simple way using the osclillator picture of [57]. One starts with two
pairs of bosonic oscillators (o, & = 1,2)

[a®, af] =35, [v*, 0] =], (B.3)
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and four fermionic oscillators (A = 1,2, 3,4)
{CA, cg} = . (B.4)

Then one rewrites the fermionic generators in terms of the two pairs ¢* and d* (with
a,a = 1,2 and standard anti-commutators)

cA:(cl,c2,dJir,d;) cL:(CJ{,cg,di,di) (B.5)

The bosonic generators of the algebra are made either of two bosonic oscillators (giving
the conformal part) or two fermionic ones (giving the R-symmetry part)

a 1T «a 1 « 76 3T i 1 CEANT
J% = ajpa® — o5 al a? J% = bLb* — S0G bl b
af apf 1 )

Paﬁ:agb; K = ¢’ D:1+§(aya7+b§m)

a a 1 a c 54 a 1 a é
R% =dl¢ — 5oy cle R =dld —idbdld

) . : ) 1 .

Py =cldl K% = d D=-1+ i(clcc +did®)

(B.6)
The fermionic generators of the superalgebra can then be written as

Qa=ale¢’,  Qua=bicl, §% = cha®, St = b e, .

Qoo = al, dl Q% = —bl. d*, —r S4, =di b '
Some of their commutators are

{Q%, Qua} = 6 Paa, {Qai, Q%) = =8 Pag.

a gab b prad Sad Gio a oo

{Sa,s }:5GK 5 {S ’Sb}:_ébK 5

[Koza7 Q%] — 55504(17 [Koza7 QZ] _ 524504(17

[Pad, Sg] = _6§Qdaa [Pao'u Sf} = _556204&5

1 ) o iy
{Qa. 87} = 6370 + 60R% + 56360(D + D). {@a. §%) =ik, (BY)
{Qia, 8} =~ T + 60R", — 5030D = D), {Quar 5} = 02Pa,
5. gy _ b8 L sBpb _ Lbop : 5 &Py _ _sBF
{Qdaa Sﬁ } — _6a‘]d + 60'{R a §5a5a(D - D)’ {Qda, Sb} - _5dPab’
Ao SB\ _ _ sa 7B Bpa  Lcacs : Sa aBby . sBr-ab
{Q4, 57} = =61 T — 05 R% — 5665d(D + D), {Q%, 57} = —L K.

The construction of the field C in section 2 involves an identification between the
conformal group and the R-symmetry group. In particular this gives a canonical identifi-
cation between the undotted indices of SU(2);, and SU(2)p and between the dotted ones
of SU(2)g and SU(2) 4. This allows one to define the traced supersymmetry generators

Q=Q% =al ¢, Q= Q% =0l d*,
S:So‘a:cgao‘, §:§dd:dtbé‘.

o

(B.9)

,23,



These generators are invariant under the diagonal sums of the SU(2) factors, but not over
the full sum of the conformal group and R-symmetry group. The two generators that are
invariant under that identification require fully tracing over the off-diagonal blocks in (B.2).

The resulting two supercharges which anti-commute with each-other are
—Q-S5, Q9 =Q-5. (B.10)

Under this identification it is also possible to assign space-time indices to the R-
symmetry generators and to the remaining supercharges. Using the usual v matrices (now
with a, a indices) we have

Pu = Pad (@)aa = Ry + 1 Rey Ku = K% (Ju)aa = Rs, — 1 Rey
1/ b ot - b . (B.11)
Rl“/:i(R b(O'ﬂy)a _Rj)(o-;w)d)a D:’LR56.
For the supercharges we take the combinations
Qu = (5u)aa(Qad - roa) Su = (Uu)aéz(sda - Sda)
1 & *a _ a
Qu = 2 ( O';w) (Q )(Juu)a) (B.12)
1 a a Ga
Q=5 (Se-Qu+@Qi-3%)

Acting on them with Q% gives the twisted generators (2.15) which are the sum of the
conformal generators (A.9) and the R-symmetries (B.11)

{Qi,QM}ZPM:PM—FPu, {QiaQuu} —Juy‘i‘R;um

Ju
N . N B.13
(Q* 8} =K, =K, +K,, {05 Qn}=D=D+D. (B.13)

Under the action of these generators the field C transforms as a dimension-zero
scalar (2.16).

We would like to comment that after choosing the scalar field C' (2.1), it is natural to
arrange the five other scalar fields as [22]

VI = i®! 4 2H(0 —i®),

B.14
B =% —i®°. ( )

The full twisted conformal group (2.15) as well as the twisted supercharges (B.12) give
many more relations among the correlation functions of operators made of C' and these

fields. For example the twisted conformal generators acting on V# give

P,VY =9,V",

T VP = (2,0, — 2,0,)VF + 60V, — 60V,

b= gvd, VI 4 VH,

Y = (22,270 + 21, — 2°0,)V¥ — 22, V" + 0, (2z,VF - C).

(B.15)
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and the action on B is

P,B=0,B,
jw/ B = (2,0, — x,0,)B,
DB =1"9,B + 2B,

Ku B = (22,2"0, + 4z, — 2%0,)B — 2V}, .

(B.16)

We will not explore further the consequences of these relations here.

C Symmetry breaking for example 11

The construction of the field C' on R? involves choosing three of the real scalars, so it
explicitly breaks the R-symmetry group SU(4) — SU(2) 4 x SU(2)p/. Unlike the breaking
in appendix B, here the breaking is such that the 4 of SU(4) becomes the (2, 2) of SU(2) 4+ x
SU(2) . Now the supercharges will carry indices of both groups, a dotted one for SU(2) 4/
and an undotted one for SU(2)p.

This breaking of SU(4) — SU(2) 4 x SU(2)p is very similar to that required for the
study of the supersymmetric Wilson loops of [48, 53] and much of this appendix is copied
from appendix A of [53].

The R-symmetry generators decompose under SU(4) — SU(2) 4 x SU(2)p as 15 —
(3,1) 4+ (1,3) 4+ (3,3). This can be explicitly written as

o1 1, 1
A
Ry — R, = S80T% + 28174 + S M, (C.1)

where T“b and T are respectively the SU(2) - and SU(2) g generators, and the 9 generators

in the (3,3) are given by M | which is traceless in each pair of indices

bb’
So M, = oM™, =0. (C.2)
The commutation relations of the supercharges written in SU(2)4 x SU(2)p nota-
tion are o _ . . _
{Q, Qi = 6708 Pac. {55, 59} = Shoh K
[Kao'z’ Q%a] _ 52450’4(1@7 [Kad, QB(ML] — 5gsga ,
[Pac'u Sga} = 6§Qdda ) [Pad, Sﬁaa} = 6§an )

{Qie, s} = dip a7 + 508 <5ng;} + 00T + MO+ 5gagp) , o)
_ e . = 1 . L . . . *

{Qéia, S} = 5252J6a - 555 (52Tba + 0510, + M, — 525317) .
In section 3 we use also the R-symmetry generators with SO(6) vector indices R;;. It is

useful therefore to identify them, for ¢ = 1,2, 3, with the rotations T ‘Z This is done through

1 o S —_ :
Rij = —5(pi3)" %, 1% = S5 i (pig)% = iegr(th)y . (C4)

The commutators are
(7%, T%] = =041 + 6, T% & [Rij, Ra] = 6ixRji — 66 Ra + 0 Ry — 65uRpi, (C.5)
like in (A.10).
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C.1 Action of SL(2,R) x SL(2,R) x SU(2)

All operators in the plane transform in representations of the rigid conformal group
SL(2,C) ~ SL(2,R) x SL(2,R). The field Z (3.2) as well as Y and W (3.32) carry also
SU(2) 4/ indices and transform under this group. In section 3.3 we discussed the action of
these generators, which we elaborate on here.

We write the holomorphic, anti-holomorphic and SU(2) 4 algebras in terms of raising
and lowering operators

1 ) 1 ) 1 .

I, = §(P1—’LP2), LOZ §(D_7/J12)3 L= §(K1+ZK2)a (CG)
_ 1 , - 1 , - 1 .

Ly = §(P1—|—’LP2), Lo = §(D+’LJ12), L= §(K1_ZK2)a (C.7)
R, = —’i(R23 + iR31) , Ry =iR9, R_ = ’i(RQg — iRgl) , (08)

The holomorpic operators act on the fields by

1

IWZ =0,7, LOZ:w(?wZ+§Z, L 1 Z=w?d,Z+wZ,
1

LY =9,Y, LOY:wawY+§Y, LY =uw?d,Y +wY, (C9)
1

LW =9,W, LoW = w0, W + SW, LW =w?d,W +wW .

They all therefore transforms as a weight 1/2 primary field of this group. This is clearly
the same behavior as for any of the scalar fields, since there is no explicit w dependence in
the definitions of Z, Y and W

The action of the anti-holomorphic generators is more complicated

_ _ 1
L1 Z =037 —2Y, LoZ =w0sZ + 57 — 2w,
L 1 Z =002 +wZ - 20°Y
_ _ 1
LY =05 - W, LoY =wdgY + =Y —aW,
. 1 w 0 w 2 (ClO)
LY =w?8zY + Y —@*W,
_ _ 1
LlW:a@W, LOW:ZEO@W+§W,
LW =w?057 + oW .
likewise for SU(2) 4/
R, Z =2Y, Ry Z =2wY — 7, R_Z =20%Y - 2wZ,
R.Y =W, RyY = aW, R.Y =a*W - Z, (C.11)
R, W =0, RoW =W, R_W =20W — 2V,
and
The linear combination
Ll = El + Ry, LO = Ij() + Ry, I./,l = I/,l + R_. (012)
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Has a relatively simple action on the fields

1

[ Z =037, LoZ =wdgZ — 52 L1 Z=w?052 —wZ, (C.13)
. . 1 .

LY =03Y, LOY:w6@Y+§Y, LY =w?8zY +wY — Z,

. . 3 .

LW = oW, LOW:w6@W+§W, LW =@ 0aW + 30W —2Y .

Z therefore transforms as a weight —1/2 field of this twisted anti-holomorphic SL(2, R).
Y has weight 1/2 and W has weight 3/2, but they are not primaries, as can be seen from
the additional term in the action of L,l.

A different combination of generators appears as the anti-commutator of the super-
charges which annihilate Z and the other supercharges. Those are

. - 1 - = 1 - - 1
Li=L1+ §R+, Lo= Lo+ §R0, L1=L_1+ §R, . (014)
They act on the fields by
I1WZ=0,2-Y, LoZ =wdzZ — oY,
L 17 =007 — %Y,
. 1 . _ 1 1_
LlY:6@Y—§W, LOY:w8@Y+§Y—§wW,

) ) (C.15)
LY =@?0zY +wY — ngW— 52,

LW = 9w, LoW = @ 0gW + W,
LW =@ 0aW +20W —Y .

These generators indeed arise as the anti-commutators

{Q;r 7iQ21a I giia} _ 2(J22 4 jii I D) +Tii B TQQ =2(D +iJis +iRyp) = 4Ly,
{Q;— R —’iQQQG} = —2iP2i — TQi =P +1P — i(R23 + iRgl) = Qﬁl ,
{Q;’ , —S'Ha} = 2% K12 + Tlé =K; — 1Ky + i(RQg — iRgl) = 2£_1 . (C.lﬁ)

These expressions allow one to derive relations among correlation functions of operators
made out of Z, Y and W as discussed at the end of section 3.3.

D Local operators on S?

As was mentioned in section 3, there is also a natural definition for a scalar field coupling
to three scalars on S?. At the point z° € S? consider the following combination of the
three real scalar fields ®!, ®2 and ®3 (3.5)

7' = (09 — 2'a0) I +ig;jpal OF (D.1)
By virtue of the superscript, Z* is a three-dimensional vector. But due to the identities

2 Z'=0, eijpal ZF = —iZ?, (D.2)
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the three different components are related by a phase.
To deal with the ambiguity it is convenient to use complex coordinates on S?, through
the stereographic projection

< 1

xt = T— (w+w, —i(w —w), 1 —ww) . (D.3)

With this 1
Z'=da@ ¥ L= —i(1 —w?), 1+ w? 2iw) . D.4
a'al O a 1—|—ww( i(1—w?), 1+w?, 2iw) (D.4)
So the index ¢ on Z is related to the holomorphic coordinate w, and we can eliminate it

by defining
1

= Tr (i(1 — w*)®' + (1 + @*)D? — 2iwd?) . (D.5)

This is exactly the same as (3.2), apart for a factor of (1 + ww) due to the conformal
transformation of the fields of dimension one.
Y and W (3.32) can also be defined as

2V = —i(z! —iz®)(®! +i®?) — (1 4+ 23)d3,

oW = (1 +2%) (% —idl). (D-6)

D.1 Supersymmetry

By use of the stereographic projection, the operators made of these fields are analogous
to those on the plane and any number of operators made of Z (D.1) on the sphere will
therefore share four supercharges.

For completeness we perform the supersymmetry analysis also in this case. The su-
persymmetry variation of Z gives

67 x a'p' (€0 + xj’yjel) . (D.7)

Expressing @’ and 27 in terms of w and @ (or alternatively working directly with the
expression (D.1)) one finds that the variation vanishes for arbitrary positions if

e +ivder =0, p?eq +iyter =0, pPleg +iv%e; = 0. (D.8)
Eliminating €y, we find the equations
v+ pPer =0, Ve +pPe =0, vler +p*ler =0. (D.9)

This is the same as the condition for Wilson loops on S?, equation (2.23) in [53], up to an
overall sign. This means that there are solutions to these equations just like for the Wilson
loops, but the combined system of loops and local operators is not supersymmetric.

To see exactly which supercharges annihilate our operators, consider again the breaking
of SU(4) — SU(2)a x SU(2)p: detailed in appendix C. The combinations p¥/ act as
Pauli matrices of SU(2) 4/. Likewise 4%/ act as Pauli matrices on the chiral and anti-chiral
components of the spinors. For both chiralities of €;, which we label eli equation (D.9) reads

(riyr+Th)er =0, (D.10)
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which means that e% is a singlet under the diagonal group SU(2),/r +SU(2) 4. Explicitly,
using indices a for SU(2) 4» and a for SU(2) g/ the solutions are given by the two independent
two-component spinors e % and €, as

e 4 = (535? - 5&5;)6—“1 = i(1p)% e,

a

= (026} — 610%)e; = caae, . (D.11)

€1 dia
One then solves for €y using (D.8). Note that since these expressions have only a single
+* matrix, they relate the ey and €; of opposite chiralities

cp 490 = (0868 — gty = eticte (b = (6807 — 056 ) e, = —(12)%¢s - (D.12)

Using all this (and remembering the signs in (3.9)) we can write the four supersymmetry
generators as

Qu = Qi — Qs — 184, +iSY,, Q1 =@ — @l +i8%e — gt (D13)
The anti-commutator of the two gives
{Qu, OPY = 6L(Pyi + Py + K"+ K?2) 4 2iT%, = §0(Py + K,) + 2iT", . (D.14)

The trace is then the combination P; + K4 which maps the sphere at z* = 0 to itself and
the second term is the SU(2) g rotations, both are symmetries of all our operators Z on S2.

We can of course also consider all the other symmetry generators and their action
on these fields. Again there are certain combinations of SL(2,R) and SU(2) generators
with simple actions on these fields. These are completely analogous to what is detailed in
section 3.3 and appendix C.1 and we do not repeat it.
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